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As known, the cylindrical gravitational field (wave) have been canonically quantized 
and its wave function, as the quantum one, interpreted in probability terms. We show 
in this work, using quantum Zeno methods, that this probability may be substantially 
increased and even approach unity. For that we first show, in detailed manner, that the 
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1 INTRODUCTION 

The problem of quantizing the general gravitational field (GF) Q (gravitational wave (GW) 
[1]) have, theoretically, been tackled by different methods and persons beginning from the 
earlier works of Rosenfeld j2j, Bergmann [3] and Schwinger [4] to the canonical methods of 
Dewitt [5], Adm [6] and Dirac [7j. Among the supposed quantum characteristics of the GF 
(GW) is the probability interpretation [HI [9] which is extended from the quantum regime 
so that one interprets [in| the GF (GW) function as a probability amplitude [HI [9]. This 
problem of quantizing and interpreting, in probability terms, the GF entails in turn a second 
interesting problem of how and in which way to increase the probabilty of some specific GF. 



^ Since the problem of quantization is found in the hterature to refer to gravitational field [4j and also to 
gravitational wave [TO] we use here these two concepts side by side or interchangably on equal basis. 
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Taking the cylindrical GF as an example and assuming that one starts from a hypersurface 
with a cylindrical geometry ane may ask how to increase its probability so that this same 
cylindrical geometry may persist upon this hypersurface. 

This problem is also found, under different terms and terminology, in other disciplines of 
general relativity. Thus, a central issue of quantum gravity [H] is the problem of substantially 
increasing the probability of some quantum foam [12j, with a typical order of magnitude of 
the Planck- Wheeler length (^) [IHl [H, so that it may be realized in full grown human 
scale with a unity probability. An example of the latter, which is intensely discussed in the 
literature |T2l [H], is that of the theoretical increase of some foam-like probability tissue in 
the form of wormhole to the realized human-scale (of unity probability) so that it may be 
used for spacetime and, especially, time travelling [T2l [TS]. 

As known, the mentioned first problem of quantizing the GF (GW) finds its solution when 
one restricts the discussion to limited dynamical regions of geometrodynamics such as the 
minisuperspace and miniphasespace discussed by Dewitt [5], Misner [16] and, especially, by 
Kuchar [lOj which applied it for quantizing the cylindrical GW. Kuchar did it by extending 
the extrinsic time idea, which was first introduced [6l [III HH] for the linearized theory ^3\, [H] 
of general relativity, to the nonlinear theory [19] and, especially, to the cylindrical spacetime. 
This extrinsic time variable, which is of the Tomonaga-Schwinger many-fingered time kind 
[20l [2T] . is canonically conjugate to momentum and not to energy as is the intrinsic time 
which serves more as a label to distinguish between spacelike hypersurfaces [13] in a one- 
parameter family of them. 

Thus, using the extrinsic time variable one may obtain [10], as known from [6], a formal- 
ism which is identical to that used for discussing the parametrized [in| cylindrical massless 
scalar field in a fiat Minkowskian background. This suggests, as noted in [10], that all the 
results obtained from the later case may, theoretically, be applied also for the cylindrical 
GF in a curved spacetime. These applications include also the canonical quantization of the 
cylindrical GF (GW) and the derivation [TO] of a functional time-independent Schroedinger- 
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type equation for it. Moreover, Kuchar has succeeded [TO] to apply for the cylindrical GF 
(GW) not only quantum ideas such as the inner product of states [HI [9] or path independence 
of the evolution of them but also their probability interpretation [HI [9]. 

In this work we use this successful quantization of the cylindrical GW as a basis for dis- 
cussing the mentioned second problem of finding the conditions under which the mentioned 
probability increases and even approaches unity. In the quantum regime, where states change 
with both time and space [HI E], there exists the known Zeno effect [22], [23l [24l [25] which 
causes these changing states to become constant and fixed and, therefore, to cause their 
probability, as in classical physics, to become unity. This effect, which were experimentally 
validated [26l[27], has three different versions: 

(1) Repeating a large number of times, in a finite total time, the same experiment of checking 
the present state of some quantum system that has been prepared in an initial specific state 
so that in the limit of a very large number of repetitions in the same total time the initial 
state is preserved in time [22l [26] . 

(2) Performing a large set of different experiments each reducing the system to some state 
(from a large number of different ones) thereby obtaining a large number of different possible 
paths of states (Feynman paths [2HI [29]) so that in the limit of doing these experiments in 
a "dense" manner one may "realize" ^231 [24] any specific path of states in the sense that the 
probability to proceed along all its constituent states tends to unity. 

(3) Simultaneously performing the same experiment in a large number of non-overlapping 
spatial subregions all included in a finite total region so that when these subregions infinites- 
imally shrink, keeping the total region fixed, one avoid any spatial shifting of the state [25] . 
This may be explained by the example of trying to locate a very small particle-like object 
in the finite total spatial region which become easier when this region is divided into several 
equal parts each occupying the same small object and the searching for it is done in each of 
these smaller regions. It is obvious that the smaller become these regions in the finite total 
region the probability to locate the small object in each of them grows so that in the limit 
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in which they infinitesimaly shrink this probabihty tends to unity. 

The first two cases (l)-(2) are, respectively, known [23l [24] as the static and dynamic Zeno 
eff'ects while the third (3) is the the space Zeno eff'ect [25] . 

We note that whereas the quantum states are related to the ordinary intrinsic time the 
gravitational cylindrical states are characterized by p3] an extrinsic time variable which is 
related (and actually borrows [10] its name) to the extrinsic curvature. That is, the grav- 
itational state, represented by the probability that the related hypersurface has cylindrical 
geometry, changes in spacetime with respect to extrinsic time. Thus, since this extrinsic 
time, like the ordinary spatial variable, is [10] canonically conjugate to momentum (which 
is connected to extrinsic curvature) the corresponding gravitational Zeno eff'ect should also 
have spatial characteristics as in the mentioned space Zeno effect. 

We directly show in this work, using space Zeno terms [25], that one may avoid any space 
shifting of the cylindrical GF (GW) thereby fixing its cylindrical geometry and causing its 
probability to approach unity. In the following we precede this Zeno demonstration with 
a discussion wich shows that the cylindrical GF may be represented as a large number of 
constituent parts in some finite region of space so that it may be discussed in spatial Zeno 
terms [25]. The appropriate representation which enables one to do so is the occupation 
number one [8|,[9|. Thus, we discuss here, in detail, this representation [HI [9] in relation to 
the cylindrical GF. We note in this respect that although this representation in the context 
of cylindrical GF is mentioned in the literature [T0|, [30] no explicit, as far as we know, and 
detailed expressions of it exists so far 

As known from quantum mechanics in the occupation number representation [8l [9l [3T]. 
one may, theoretically, prepare any quantum state by merely applying the relevant creation 
and destruction operators [81, l9j any required number of times upon some initial basis state. 
One also knows from the canonical formalism [6|, [HI [H] of general relativity that it is 
possible to prepare the geometry of some spacetime hypersurface by controlling the form of 
the lapse and shift functions [6l [ISj [H]. That is, any specific evolution of spacetime should 
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be preceded by determining beforehand these functions so that one can be sure (with a 
unity probability) that the related spacetime is developed along the specified route. This 
operation, characterized by the determination of the lapse and shift functions, should be 
related, when discussing the quantum properties of the GF, to the corresponding operation 
of the mentioned quantum creation and destruction operators upon some initial basis state. 
We derive here in detail the appropriate expressions which accordingly relate the cylindrical 
lapse and shift functions to the creation and destruction operators. 

When the mentioned probability of the cylindrical GW approach unity (also in conse- 
quence of the spatial Zeno effect) the related GW produce certain effects upon the neigh- 
bouring spacetime through which it proceeds such as implanting its cylindrical geometry 
upon it and giving rise to some trapped surface [32l [33l MM EH]- We follow the develope- 
ment of this cylindrical GW, once its probabilistic chances were greatly increased, and find 
its properties in the transverse-traceless (TT) gauge and also calculate the geometry of the 
generated trapped surface [32l [33l [Ml l35] . 

In Section II we introduce the principal expressions \10l related to the Einstein-Rosen 
cylindrical GW [36j as, especially, represented in [101 [30]. In Section III we discuss the cylin- 
drical GF (GW) in the commutation number representation [HI [9] so that it may be thought 
of as composed of a very large number of gravitational quanta which, like the quantum ones 
[U [9], are created and destroyed by the corresponding gravitational creation and destruc- 
tion operators. In Section IV we relate the cylindrical lapse and shift functions [6l [131 [H] 
which determine the geometry of spacetime hypersurfaces to the mentioned gravitational 
creation and destruction operators which, likewise, determine this geometry through creat- 
ing or (and) destroying the quantum components of the generating GW. We note that the 
cylindrical lapse and shift functions were related in [T^ to the Einstein-Rosen parameters 
(see Eqs (29)- (30) in [lO]). The detailed calculation relating the cylindrical lapse and shift 
functions to the creation and destruction operators are shown in Appendix A. In Section 
V we show that, beginning from a gravitational cylindrical geometry in some hypersurface. 
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the probability to find the same geometry upon this hypersurface tends to unity in the limit 
of the space Zeno effect [25]. As mentioned, we rather discuss the space Zeno effect and 
not the (intrinsic) time analogue of it because in the cylindrical geometry one discusses [lO] 
the extrinsic time variable which is canonicaly conjugate to momentum |10| just as is any 
spatial variable. We note that it has been shown [37], using the examples of the quantum 
bubble and open-oyster processes [3ll[38], that the mentioned static and dynamic quantum 
Zeno effects are also valid in quantum field theory [HH, [38]. We also note in this respect 
that the quantum Zeno effect were discussed [39] in the framework of gravitomagnetism [40] . 
The detailed calculations of the appropriate probability is shown in Appendix B. In Section 
VI we graphically corroborate our theoretical results so that one may see how the probabil- 
ity approach unity in the Zeno limit. In Section VII we discuss the cylindrical GW in the 
transverse-traceless (TT) gauge which is characterized by a very simplified formalism [13] 
in which, for example, the number of independent components of the related GW is mini- 
mal [13]. In Section VIII we discuss, using the method in [32], the related trapped surface 
[T3l [32l [33l [34l [35] resulting from the passing cylindrical GW. In Section IX we summarize 
our discussion in a Concluding Remarks Section. 



2 The Einstein-Rosen Cylindrical gravitational wave 

A spacetime is considered to be cylindrically symmetric [lO] if and only if one can show that 
there sxists a coordinate system {t, r, (/), z), — oo < t < +oo, oo > r > 0, 27r > > 0, 
— oo < z < +00 in which the line element becomes 

ds'^ = -{N^ - e^'l'-^^ Nl)dt^ + 2Nidtdr + e^^-'^^dr^ + R^e-^d(f)'^ + e'dz^, (1) 

where i? > and 7, -0, A^, Ni are functions of t and r. The former dependence of the 
nonzero metric tensor components gn, 922, 933, 9oq, doi upon the functions 'y,il),R,N,Ni is, 
especially, designed [10] to suit the ADM [6] canonical formulation of general relativity. Thus, 
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the and A^i are, respectively, the known ADM lapse and radial shift functions [TOl [T3] . 
The coordinates and z are, essentially, fixed except for a possible trivial transformation of 
(j) = ±0 + 00 and z = az + zo whereas t and r may be subject, without changing the form of 
the line element from ([T]), to the more general transformation 

i=i{t,r), f = f{t,r) (2) 

One may show [10], using the Killing vector formalism in the {t, r, 0, z) system, that 
the functions R and 7 are scalars. Thus, since the metric tensor coefficients depends, as 
mentioned, only upon t and r one may write [TO] the {t, r) part of the line element ([I]) in the 
following conformally flat form 

ds^ = e^^-^\-dP + df^) + R^e-^d(f)^ + e^dz\ (3) 

where the R, ip, (j) and z are not barred due to their mentioned essential invariancy. Now, 
as emphasized in [lO], if one writes the Einstein field equations for the line element ^ one 
may realize that R must be a harmonic function which satisfies — = 0. Thus, one 
may assume [10] i? to be a new radial coordinate and T the time coordinate corresponding 
to it. That is, as emphasized in [10], the Einstein-Rosen coordinates can be uniquely and 
rigorously defined by invariant prescriptions so that the line element (l3|) may be written as 

ds^ = e^^-'^) i-dT^ + dR^) + R^e-^d(f)^ + e^dz^ (4) 

In such case the Einstein vacuum equations are considerably simplified and reduce to the 
following three equations 

5^-0 9^-0 dih ^ , . 
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dT dTdR ^ ' 

As emphasized in [10], Eq (l5|) has exactly the same form as the wave equation of the cyhn- 
drically symmetric massless scalar field il) advancing in a Minkowskian spacetime whereas 
Eqs (l6l) and ((71) are, respectively, the energy density and the radial momentum density of this 
field in cylindrical coordinates. The solution of Eq (l5|) is obtained by using the separation of 
variables method [30] so that the resulting wave function for a particular wave number k is 

= MkR){Aik)e^"'^^ + A*ik)e-^"'^^), (8) 

where jo{kR) is the bessel function of order zero \^ and A(Ji), A*{k) are the amplitude and 
its complex conjugate of the solution to the time part of Eq (JH]). Note that here we assume, 
as generally done in the relevant literature, that c = ^ = 1 so that w = k = p where w, k, p 
are respectively the frequency, wave number and momentum of some mode. Since A; is a 
continuous parameter one may obtain the general solution to Eq (l5|) by integrating over all 
the modes k. Thus, the relevant general wave function is 

POO 

i){R,T)= dkJo{kR)[A{k)e^'''^^ +A*{k)e~^'^^^) (9) 
Jo 

The canonical conjugate momentum 7r^{T,R) may be obtained [30] by using the Hamilton 
equation 

^ = {AH}, (10) 
where ip is given by Eq ([9l), the curly brackets at the right denote the Poisson brackets and 
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the Hamilton function H is 

H = dr(^NH + mHi^ (11) 

The quantities H and Hi are respectively the rescaled superHamiltonian and supermomen- 
tum which where shown in [10] (see Eqs (93)-(97) and (106)-(108) in [10]) to be 

H = R^rT^T + Triln + ^R-'ttI + ^R^l (12) 

Hi = Tr'n.T + R,r'n.R + il,rT^^, 

where the suffixed apostroph denote differentiation with respect to r and 11^, H/j are the 
respective momenta canonically conjugate to T and R. The quantities and A^i respectively 
denote the rescaled lapse and shift function A^, A^i (see Eq (96) in [lO]). Thus, 7r^(T, R) were 
shown [30] to have the form 

7r^(T, R) = iRR^r / dkkJo{kR)[A{k)e^'^'^^ - A* {k)e-^'^'^^) (13) 
Jo 

POO 

-RTr / dkkJi{kR){A{k)e^'^'^^ + A*(A;)e-('^^)) , 

where jiikR) is the first order Bessel function [41] which may be obtained by differentiating 
ioikR) with respect to R as jo{kR)^R = —kji{kR). The initial data for ip{T, R) and 7r^(T, R) 
are calculated for T = and R = r and are, respectively, denoted by Q{r) and P(r) as follows 

/■oo 

Q{r)=Mr) = HT,R)\T=o,R=r= / dkMkr){A{k) + A*{k)) (14) 

/■oo 

Pir) = vr^o(^) = MT,R)\T=o,R=r = ir \ dkkJ^{kr)[A{k) - A\k)) (15) 
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Solving the last two equations for A{k) and A*{k) one obtains 



1 

A{k) = - drJo{kr){krQ{r) - iP{r)) 
2 Jo 



(16) 



A*{k) = - drJoikr){krQ{r) + iP{r)) (17) 

One may show, using Eqs (fT6|l -(|T7l). that the variables A{k), A*(k) satisfy the following 
Poisson brackets 



{A{k),A*{k')} = I dr 

'0 



6{A{k)) 6{A*{k')) 6{A{k)) 6{A*{k)) 



5{Q{r)) 6{P{t)) 5{P{r)) S{Q{r)) 
{A{k),A{k')} = {A*{k),A*{k')} = 0, 



i5{k - k') 



(18) 



where use was made of the relation [30 



1 ^ 

drrjn{kr)jn{k'r) = —5{k -k'), n = 0, 1, 2, 3.. 



In a similar manner, using Eqs ffT4ll -(fT5l). it is possible to show that the variables Q{r) and 
P(r) satisfy the following Poisson brackets 



{Q{r),P{r')}= I dk 
'o 



S{Q{r)) 6{P{r')) 6{Q{r)) 6{P{r')) 



6iA{k)) 5{A*{k)) S{A*{k)) 6{A{k)) _ 
{Q(r),g(r')} = {P(r),P(r')} = 0, 



-2i(5(r - r') 



(19) 



where use was made of the relation [30 



dkkJn{kr)Jn{kr') = /\ n = 0, 1,2, 



Using Eqs IQ, ([9]) and the unnumbered relation written just after Eq (fTSl) one may obtain 
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the following expression for the energy F [30] 

/•oo 

T = 2 dkkA{k)A*{k) (20) 
Jo 

As shown in [30] the former expression ( l20l ) is for R at infinity and it shows that the energy 
remains finite for this case. We are interested in other expression for the energy in terms 
of Q{r) and P(r) which is derived from the expression ( l20l ) by using Eqs (fT6l) -(fT7ll and the 
Poisson brackets (fT9|l 

where the k term is obtained by using the relation (fTOl) and the unnumbered relation just 
after it. The term under the integral sign involving P^(r) and Q^(r) is obtained by using 
the following orthogonality expression which is valid for any n = 0, 1, 2, ... 

oo /"OO 

dr'r' \ dkkJnikr)Jn{kr')f{r') = f{r) (22) 
Jo 



Note that the energy at the right hand side of Eq (1211) corresponds to the energy of the 
harmonic oscillator [8] Hharmonic oscuitor = 1^ + ^niw'^r'^ not only in its form but also in its 
role in the following commutation relations (I23ll-(l24ll and in Eqs (l25ll-(l32ll. 



3 The occupation number representation for cylindrical 
field 

In this section we apply the occupation number formalism [H [9] for the cylindrical GW. As 
known [8l [9], the passage from the classical domain to the quantum one entails regarding 
the classical variables as operators [H [9] and the change, for any function /, of /* /+ 
where is the hermitian adjoint of / [HI E]. Also, the known Poisson brackets {/,/*} 
are replaced by the quantum commutation ones [/, /^] obtained through {/,/*} in 
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where, as mentioned, we assign the unity value to h. In the following we use Eqs (fTSl) 
for calculating the commutation relations between Q{r), P{r) from Eq (fT4ll - (fT5ll and the 
energy d'^i^^^-^ + ^^^-^-il^^ from Eq (l2Ti l. Thus, the commutation relation between the 
observable Q{r) from Eq (fT4l) and the former energy (F — k) from Eq (l2T]is 



[Q{r)A^-k)] 



00/ \ nOO 

dkJo{kr)\A{k) + A+{k)y2 J dk'k'A{k')A-^{k') - k 



00 POO 



2 / dkdk'Joikr)k'{[A{k),A{k')A+{k')] + [A+{k),A{k')A+{k')] 
Jo Jo 



00 poo 



JO 



dkdk'Jo{kr)k' I A{k')6{k - k') - A+{k')S{k' -k)) = (23) 



00 







dk'k'Jo{k'r){A{k') - A+{k" 



P(r) 



ir 



Likewise, using again Eqs (fT8l ) and the expression (|2T1 ) for the relevant energy (F — /c), we 
calculate the commutation relation between P{r) from Eq (fTSll and this energy 



[P(r),(F- 



00 

ir I dkkJo{kr) \A{k) - A+{k)\ , 2 J dk'k' A{k')A+ {k') - k 



00 /"OO 



2ir I / dA;rfA;'Jo(A;r)A;fc'( [A(A;),A(A;')A+(A;')] - [^^('^),^(^')^^('^')] 


00 POO 

/ dkdk'Jo{kr)kk' ( A(A;')(5(A; - A;') + A+(A;')5(A; - k') ] = (24) 
io 

00 / \ ^7^2/ 



dk^Mkr) ( A{k) + A+{k)] = _!:^!^ 



r 

Using the Dirac's ket and bra notation [H [9] for the matrix representation of the obsrvables 
Q{r), P{r), (F — k) and taking into account that \j ><j\ is unit operator one may obtain 
from the two ends of the first commutation relation (l23l) 



<k\Q\j><j\ir - k)\l> - <k\{r - k)\j><j\Q\l>= (25) 

<A;|P|/> 



(Ei-Ek) <k\Q\l>-- 



ir 
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where Ei and E^ are the eigenvalues of the energy operator (F — k) which, respectively, 
correspond to the kets |/> and \k>. In a similar manner one may obtain from the two ends 
of the second commutation relation ( l24l l 

<k\P\j><j\{T - k)\l> - <k\{T - k)\j><j\P\l>= (26) 
= {El - Ek) <k\F\l>= ik^r <k\Q\l> 

Solving the last equation for <k\Q\l> and substituting in ( l25i l one obtains for {Ei — Ek) 

{El - Ek) = ±k (27) 

Now, multiplying Eq (l25ll by —irk and adding to (i26ll one obtains 

{Ei-Ek-k) <k\P\l>+irk(^Ei-Ek-k^ <k\Q\l>= (28) 
{El- Ek-k) <k\{P + irkQ\l>=0 

From the last equation one may realize that <k\{P + irkQ)\l > is different from zero only 
when Ek = El — k. That is, operating with the operator {P + irkQ) on the ket \l> results in 
some multiple of the ket \k> with an energy lower by k than that of the ket |/>. If, on the 
other hand, Eq f l25l ) is multiplied by irk and then added to (l26l) one comes with the result 
that operating with the hermitian adjoint operator {P — irkQ) on the ket |/> results in some 
multiple of the ket \k> with an energy higher by k than that of the ket | / >. Note that for the 
harmonic oscillator these two operators change roles so that {P + irkQ) is the energy raising 
operator whereas {P — irkQ) is the energy lowering one (see Section 25 in |H|). Now, since 
the energy must be positive one can not apply indefinitely the lowering operator {P + irkQ) 
on any ket unless there exists a lowest energy eigenstate |0 > so that {P + irkQ)\0 >= 
(compare with the analogous discussion in |8] regarding the harmonic oscillator). The lowest 
energy eigenvalue corresponding to the lowest eigenstate may be found by first operating 
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with (P — irkQ) on (P + irkQ)\Q> and using the quantum version of the relations (fTOll 



{P - irkQ){P + irkQ)\Q>= \^P^ + r'^k'^Q'^ - irk{QP - PQ) j\0>= (29) 
= 2r(^^ + _ ks(r - r')) |0 >= 

We, now, divide the last expression by 2r and integrate the obtained result with respect to r 
, /P2 rk^Q^ir) , AV i r , fP^ rk^Q\r)\ , , 



\2r 2 ' 7 J ' {Jq \2r 2 

A;l|0>= 



We, thus, see that the eigenvalue which corresponds to the lowest energy eigenstate |0> is k. 
Note that in the harmonic oscillator case one obtains a value of | for the lowest eigenvalue 
(see Section 25 in [8]) because the value obtained there for the commutation relation [Q,P] 
is half the value obtained here. As mentioned, application of the raising operator {P — irkQ) 
on an arbitrary ket results in raising its energy by k and repeated application of it generates 
a sequence of eigenstates that may appropriately be denoted by |n>. The energy eigenvalues 
of this sequence may be expressed by 

En = {n+l)k, n = 0, 1, 2, 3,... (31) 

Now, if we, respectively, multiply the lowering and raising operators (P + irkQ), {P — irkQ) 
j-jy — ^-^oikr) iJoikr) integrating the resulting expressions with respect to r from r = 
to r = cxD one, actually, obtains the variables A{k) and A'^{k) as seen from Eqs (fT6l) -(fT7l). 
Thus, one may call the variable A{k), in analogy with the harmonic oscillator case [H [9], 
the energy lowering or destruction operator and the variable A'^{k) may, correspondingly, 
be called the energy raising or creation operator. This may also be seen from Eqs (l20ll-(i2Til 
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which may be read 

2 J^^ dkkA{k)A+{k) = j'^ dr + ^ + 

and also to read, when the places of A{k) and A'^{k) are commuted, 

2 dkkA-^{k)A{k) = dr (^^^ + ""Jf^lkl^ _ A; 

The last equation may be written as 

(2 dkA+{k)A{k) + l^k = dr + (32) 

Comparing Eqs (iSTl) and ( l32l ) one may realize, as done in the corresponding harmonic oscil- 
lator case [8], that to the eigenvalues n of Eq (|3T1) there corresponds the number operator 
N 

N = 2 dkNk = 2 dkA+{k)A{k), (33) 
Jo Jo 

so that Nk = A^{k)A{k). It may be shown, as for the corresponding harmonic oscillator 
case, that considering the representation in which each is diagonalized, the states of the 
quantized field may be represented by the kets |ni, 77,2, ^3, . . . , n^., . . . > in which each is a 
positive integer or zero and it is an eigenvalue of Nk. Also, since in this representation only 
the diagonal matrix elements of A'^{k)A{k) are nonzero one may write such an element as 

<nk\A+{k)A{k)\nk>=<nk\A+{k)\n'^><n'i^\A{k)\nk>= \Xnf = n, (34) 

where a summation over a complete set n'^ is meant and is equal to na. Thus, from the 
last equation one may obtain the relations 

A{k)\ni,n2,n3, . . . , rifc, . . . >= |ni,n2,n3, . . . , - 1, . . . > (35) 
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A'^{k)\ni,n2,n3, ...,nk,...>= [uk + 1)^ |ni, ^2, ns, . . . , + 1, . . . > (36) 

The last two equations shows that A{k) and A'^{k) are, respectively, the destruction and 
creation operators for the state k of the field. We, thus, have shown that the quantized 
cylindrical GF (GW) may be discussed in the commutation number representation in which 
it may be thought of as composed of a large number of particle-like components inhabiting 
a certain finite spacetime region. This special representation enables us, as mentioned, to 
discuss the cylindrical GF (GW) in space Zeno terminology as we do in the following Sections 
V-VI. 



4 The lapse and shift function corresponding to the cyhn- 
drical gravitational wave 

For finding the appropriate lapse and shift functions A^" which correspond to the cylindrical 
GW's in the canonical formalism we begin from the Hamilton equation (ITOll in its quantum 
version ip = jli/j, H] where i/j is given by Eq ([9]) and the square brackets at the right denote 
the quantum commutation relations. The expression for the energy H which involves the 
operators A{k) and A+{k) is given by Eqs (l20])-([2ll) so substituting from Eqs ^ and (l20D- (f2TD 
in ^ = H] one obtains 



(37) 



di^j;^ dkJoikR) (A(A;)e(*'=^) + A+(fc)e-(^^^)) 

di 

1 " 



dkJoikR) (y4(A;)e(^'^^) + A+{k)e-^'''^^) , 2 / dkkA{k)A+{k) - k 
Uo Jo 



The time differentiation at the left hand side of the last equation may be performed by using 
the embedding [30] X" = {T{r), R{r), (p, z) which maps the hypersurface S at t = constant 
into the fiat spacetime as : S R^. The embeddings X" = {T{r), R{r), (p, z) are 
cylindrically symmetric slices in spacetime where, due to this symmetry, T(r) and R{r) do 
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not depend on (p and z. Thus, the time differentiation ^^^^ may be written as 

dt aX"(r) dt 9X°(r)' ^ ' 

where [30] '^^j}^^ = N°'. Thus, using the last equation, the relation [4T] ^^Mll = g^j^jj 



dt 

the fact that i/j does not depend on (j) and z one may calculate the commutation relation 
from Eq ( l37l ) as 

aX"(r) 9T(r) 9i?(r) Jo 

/•oo 



oo poo 



dk / dk'Joikr)k'{ ( e(''=^M(A;)y4(A;')A+(A;') + e-(*'=^M+(A;) 
io 



A{k')A+{k') ] - ( e^"'^^A{k')A+{k')A{k) + e'^"'^^A{k')A+{k')A+{k) ] \ = (39) 



,(kr)k'U''^^A{k')^-^^j^ - e-(i/cT)^+(^/) ^(fe^^ fe) 



2 / dA; / dA;'J( 
'0 io 



dkkJo{kr)(e^"'^^A{k) - e-^'^^^A+{k) 



Since the last equation involves real and imaginary expressions we have to decompose it into 
two equations one of which relate the real expressions among themselves and the second the 
imaginary ones. Thus, the equation involving the real expressions is 

/•oo nOC 

- dkkJoikR) sm{kT) {A{k) + A*{k)) - dkkJi{kR) cos{kT) 

Jo Jo 

■ (^A{k) + A+(A;)^ = ^ dkkJo{kR) cos{kT) (^A{k) - (40) 
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And that involving the imaginary ones is 

/•OO /"OO 

iV° / dkkJo{kR)cos{kT){A{k) - A-^{k)) - dkkJi{kR)sm{kT){A{k)- 
Jo Jo 

POO 

-A+{k))= dkkJo{kR)sm{kT){A{k) + A+{k)) (41) 
Jo 

We integrate both sides of the last two equations (l40l)- (i4Tl) over r from r = to r = oo 
and also for avoiding the intricacy of the resulting expressions and facilitating the following 
calculation we label these expressions as 

/•oo POO 

Ci= dr dkkJo{kr)sm{kT)[A{k) + A+{k)) 
Jo Jo 

1*00 POO 

C2= dr dkkJi{kr)cos{kT){A{k) + A+{k)) (42) 
Jo Jo 

POO POO 

Cs= dr dkkJoikr)cos{kT){A{k) - A+{k)) 
Jo Jo 

POO POO 

Ca= I dr I dkkJi{kr)sm{kT){A{k) - A^{k)) 
Jo Jo 

Thus, Eqs fl40l )-(l4Tl) integrated over r, may be compactly written as 

- CiN^ - C2N^ = C3, C3N^ - C^N^ = Ci (43) 

Solving the last two equations for iV° and one obtains 

^0 ^ (C1C2 - C4C3) ^ (CjCi + C3C3) ^^^^ 

(C1C4 + C2C3) {CiCi + C2C3) 



The expressions (C1C4 + C2C3), (C1C2 — C4C3), (CiCi + C3C3) are calculated in Appendix 
A and are, respectively, given by Eqs ([^2])" (El) there. Thus, substituting these results of 
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Appendix A in Eqs (l44l) we obtain the following results for and A^^. 

J^dkksm{2Tk) (2A{k)A+{k) - ^ 

N' = y ^ (45) 

dkkiA{k)A{k) - A+{k)A+{k) - \ 



2 dkel cos{2Tk) I A{k)A{k) + A+{k)A+{k) J - I 2A{k)A+{k) - ^ 
= !^ p ^ ^ (46) 



r dkk\^A{k)A{k) - A+{k)A+{k) - \ 

The last Eqs (I45l)-(l46ll express the lapse and shift function, which determine the geometry of a 
space-time hypersurface [13], in terms of the gravitational cylindrical creation and destruction 
operators A(A;), A^{}i) which determine the constituents of the related GF and, therefore, 
the geometry it imposes upon the neighbouring space-time. 

5 Space Zeno effect for the cylindrical GF 

For demonstrating the Zeno effect in the cylindrical GF (GW) we use the Dirac quantization 
of the cylindrical GW in the half parametrized formalism as represented in [10]. We may 
use the ADM quantization [10] but we prefer to discuss the mentioned Dirac one which is 
more general [10] than that of ADM. This quantization in the half parametrized formalism 
is equivalent, as shown in [10] (see Section XII there), to the the full parametrized one and 
so one may discuss the former formalism without losing anything. In this formalism the 
function r{K) is equated to R so that the two remaining canonical coordinates T{r{R)), 
il){r{R)) may be written as T{r{R)) = T{R) and iJj{r{R)) = ip{R). These variables, as well 
as their canonically conjugate momenta IIt{R) and n^{R), are replaced in the quantum 
theory [Hl[9j by operators so that one may write, for example, the conjugate momenta as the 
variational derivatives 
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In the representation in which the former canonical coordinates T{R) and ^(i?) are 
diagonal the state functional \1/ depends on these two functions and its behaviour changes 
according to the following Schroedinger-type equation 

' ^^^1t{r)^^^^ = n{Tn{R)MR),MR))nnR),m)), (48) 

where in the half parametrized formalism Ti. is given by [10] 



^ = ^(1 - T%{R))-' (-^^-^^ - R'^Tn{R)tRiR)J + Ir^%{R) = 

= 2(1 -Ti(R)) (^"'^J(^) - ^TRiR)MR)tRiR) + iR^RiR)^ (49) 

The last result was obtained by using the second equation of (l47l) for the operator 7r^{R) and 
noting that the commutation relation between n^{R) and ip^R^R) is zero at the same point, 

i-g-, [^,i?(^),7r^(^')] = = ^^(§1^) = ^^^^S^ = because of the antisymmetry 

of the 6 function by which one have = 0. Note that the variational derivative at the left 
is with respect to the extrinsic time T(R) and Tr^R), ifj ji^R) denote derivatives of T{R) 
and ^/'(i?) with respect to R. The solution to the Schroedinger equation ({481) is 

vl/(T(i?),V'(/?)) = exp{-tn{TR{R),ijmnR))'^iO,ilj{R)), (50) 



where \&(0,^(i?)) is the state functional on the hypersurface T(R) = 0. Note that although 
Eq (l48l ) is a functional differential equation which is a whole set of equations, one for each 
value of R, these equations are not mutually independent and may be reduced, as shown in 
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[To] , to a single differential equation as follows. 



.d{^{T{R,t),^{R))) 



Ht{ij{R),7r4R))^{T{R,t),^{R)), 



where 



Ht{iP{R),7i4R)) 



I 

Jo 



oo 



dRn{TR{R,t),i:{R),n4R)) 



d{T{R,t)) 



dt 



The t is a labelling parameter from some closed range, for example, [0, 1] and 
n{TR{R,t),'ilj{R),7r^{R)) is the same as that of Eq (HE]) -((501). The solution to the former 
single differential equation is 



where P is a time-ordering operator. As seen, one have to discuss the energy 
7i(T(_R, t), ^(i?), 7r^(i?)) either directly as in Eq fl50l) or through Ht as in the last unnum- 
bered equation. For the purpose of this section, which is the demonstration of the space 
Zeno effect for the cylindrical GW, we prefer to directly discuss the Hamiltonian density 
T-C(T{R), i/j{R), 7r^{R)) and Eq (l48l) with the understanding that all the results obtained may 
be applied also to the single differential equation. 

We show here that under the influence of space Zeno effect the functional state \E'(T(_R), i{j{R)) 
remain stable in space. For that purpose we have calculated in Appendix II, using the shift 
operator e^^^, the probability Pr^^\\'^{0,ilj{R))>, p) for the state function '^{0,'i/j{R)) from 
Eq (l50ll (we also use the Dirac's bra notation P, [9] |\E'(0, >) to remain at the same 

state after shifting it by the small amount p. This probability, after the single shift, is given 
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in d-BisD in Appendix II as 



Pr«(l^(0,^(^))>,p) 



+ 6r] +p r] ( — - — ) 



2 

2 



1 + v + 



< ^(0, ilj{R))\e'^f\<i/{0, ^{R)) > 

2 / \ 2 

+ r]^^l2A7r4R) + Bj + sin(-^S7r^(i?)) 



■{V4(^(2...(i.).i.)-2.^^(1.2,^)}- (51) 
- cos{^B7r4R))i^2r,'^^^^(^2A7r4R) + B^j + 2v'{l + 2r/2)| + 
+ 2^';d^ (2A7r^(i?) + sH^A-KliR)) - 2rf{l + 2r^') 

A^lm - 2ry^^^^sin(^(A^^(i?) - i?7r,(i?))) + 



cos^- 



+ 



where A, 5, C, D are given by Eqs ( l-BeD in Appendix II. The relevant state which we want to 
keep fixed represents the cylindrical GF (GW). We, now, wish to generalize this single shift 
in one region of space to an arbitrary number of identical shiftings simultaneously performed 
in a large number of independent regions of space. For that we construct an operator, as done 
in [25], which regulate the simultaneous identical shiftings in separete regions of spacetime 
in terms of the known quantum projection operator [HI [9] P = |0><0| and its translate in 
shifts of amount p which is denoted here for the single shift as v[l^ = e~^^^Ve'^^^ = e~^^^ < 
(j)\e^^P\(l)>. Taking the absolute square of the last expression one obtains 

|p«|2 = \^-iPpp^iPp\2 ^ I <0|eiPp|0> |2^ (52) 



which, assuming for 0> the state functional |\l/(0, >, amount to the probability 

PrW(|*(0,^/'(i?)) >,p) from Eq 1^. That is, PrW(|^(0, ^(i?)) >,p) = ivil^]"^. For the 
double identical shifts of the state functional |\l/(0, V^(-R)) >, each of amount p, simultane- 
ously performed in two separate regions of space-time one may write for Vi^^ and its absolute 
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I'r)(2)i2 

square \Ptr \ 



^ ^-^2Pp^^^2Pp^-^Pp^^iPp ^ ^-^2Pp^^^Pp^^^Pp 



(53) 



|-p(2)|2 
\' tr \ 



^-i2Ppjy^iPpjy^iPp 



<^(0,V'(i?))|e^-^1^(0,^(i?))> 



which is identical to the probability to remain at the same state |\l/(0, '^(i?)) > after these two 



simultaneous shiftings performed in two separate regions of space-time. That is, IP^^ 

2 



(2) ,2 



Pr(2)(|^(0,?/'(i?)) >,p) = |^Pr(^)(|^(0, >,p)j . The generalization to n arbitrary 

shiftings of |^l/(0, ^(-R)) >, each of amount p, in n separate subregions of space, all included 
in the finite larger region denoted by X, is 



-p^(") _ ^-inPpj)^inPp^-i{n-l)Ppjy^i{n-l)Pp ^ ^ ^ ^-iPpjy^iPp 



n-1 



= e-'"-f'''|^(0,V'(i?))> \ <^{^,^{RW^P\^{Q,ij{R))> 



(54) 



The absolute square of the last expression is equal to the probability to remain at the same 
state after n simultaneous shiftings, each of amount p, in n separate independent regions of 
spacetime. That is, raising the probability Pr^^\\'^{0,^jj{R))>, p) from Eq ( ISTll to the n-th 
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power one obtains 



(")|2 



tr 



e-^"^^ I ^(0,V (/?))> ( <^(0,^(i?))|e^^''|^(0,7/;(/2))>)"-i <^{0,i;{R))\e 



Pr«(|vl/(0,^(i?))>,p) 



iPp 



<<i/{0,ip{R))\e'^''\'i'{0,ij{R))> 
1 + 4r/2 + 6r/^ + p^r]' 



D 



(55) 



+ M-^BMR))\ 2rj'^^ ( 2A^m + b] - 2r^^^^^(l + 2r^^) 



D 



DttUR) 



cosi^Bn4R))i^2v'^^^(^2A7T4R) + B^ + 27^' {l + 2^')^ 

3 P 



2r( 



DnliR) 



2An4R) + B ) sm(-^A7rJ(i?)) - 2if{l + 2rf) cos(^A7r^(i?))- 



D' 



- 4( A7rJ(i?) - Btt^R) ) ) + 2r/^ cos( ^ ( A7rJ(i?) - Btt^R) 



sm , 
D \D 



where the n, which refers to the n equal shiftings each of amount p, were written as ^ in 
which X is the finite region of space which includes all the n smaller subregions. We, now, 
approach the Zeno limit of limp^o and note that in this limit one have 



lim('cos(^A7rJ(i?))') = hmfcosi^Bn^R)) 



= hm(^cos(^-^(^A7rliR)-B7r4R) 
lim(^sin(-gA7rJ(i?))) = lim(^sin(-^S7r^(i?))^ 



P 



lim(^sin(^-^( An'^iR) - Btt^R) 111=0 



Thus, using the last limits, one obtains for the overall probability (Pr'^^^(|\E'(0, ?/^(i?)) >, p))" 
from Eq f l55l ) in the limit p 



hm(pr^'\\^{0,i;iR))>,p)] =h 



(56) 
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where we use the mentioned equality n = —. Note that the last result is obtained for 
any value of the eigenvalue r]. Thus, it is shown that in the limit of space Zeno effect 
the cylindrical GF (GW), which is interpreted in the framework of quantum mechanics in 
probability terms, have a unity probability for being found in some spacetime region and, 
therefore, if it is strong enough for implanting its geometry upon this neighbourhoud. 

6 Graphical representation of the gravitational space 
Zeno effect 

We, now, wish to corroborate our former results through numerical and graphical represen- 
tation. For that we should note that the idea of the space Zeno effect, which is to remain 
with the same cylindrical geometry across all space, necessitates a constancy of the function 
T{R) across all the n subregions of space. Thus, one may assume ^^^^ ~ which entails 
J^P = C^^dR^ y = 0. In such case the functions A, B, C, E from Eqs d-Bel) assume a very 
simple form. That is 



C(Tfl=0) = - 



(57) 




^^ + RpiR + l))[pi'^r + 2t.iR) 



dR^ 



) 



--{R + p)ij%(R) 
D^T^=o) = 2R{R + p) 
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Substituting from the last A(t^=o)5 -S(Tfl=o) and -D(Tjj=o) in Eq (l55ll for the probabihty one 
obtains 



Pr 



fTUo)(l^(0,^(^))>,p) 



<'${0,^{R))\e'^p\<i/{0,ifj{R))> 



2 

p 



(^1 + V + QV^ + V-^7rJ(i?) - 277^ (1 + 27^2) 



(T,fl=0)/ 

(58) 



-27^2(1 + r^^) cos(-^AvrJ(i?)) + V;^^ sin(-^A7rJ(i?)) 



For ip{R) we use the quantum version of Eq (JH]) for a specific value of k and for fr^i^R) we 
take into account that we discuss here Tr = so one may write the quantum version of 
7T^{R) from Eq f fTSll as 

7r^(i?) = iRkJo{kR){A{k)e^'''^^ - A+{k)e~^'^'^^)R^r, (59) 

where R^r = 1 because R = r here. In the equality n = ^, which relates p to the number 
of subregions n included in the larger region X, we assume X = 20R. We also assume, for 
avoiding complex expressions and easing the graphical introduction of our results, that the 
amplitude A{k) is equal to its complex conjugate A'^ so that multiplying the last equation 
(l59l) by its conjugate and taking the square root of the resulting product one obtains 



1 

(R) = RkAJo{kR) (^2{1 - cos{2kT))^ ' (60) 



Substituting the last expression for 7i^{R) in Eq ( l58ll for the probability and graphing the 
resulting expression for certain values of T, k, A and R one may visually see how the 
probability approach unity as p approach zero. Note that although a probability should 
be in the range of (0, 1) we obtain here some graphs which exceed unity because of the 
caclculations, such as that for 7t^{R) in Eq ([60l) . used to assign values to the parameters 
required for these graphs. One may also realize, for all the Figures and Subfigures shown 
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here, that the drawn graphs and surfaces are at the neighbourhood of unity for the assumed 
ranges of p and all approach unity as p ^ 0. We note that although A{k) A'^{k) depend upon 
k we refer to them, for the present numerical discussion, as constants and asuume A = A^. 
Also, since, as mentioned, A and A"*" are thought in the quantum regime to be creation and 
destruction operators and since these, respectively, raise and decrease the relevant energy by 
no more than unity the corresponding values assumed for A, A'^ in the numerical discussion 
here should be in the order of magnitude of unity. 

In Figure 1 we see two Subfigures which show the probability from Eq ( l58l l as function 
of p in the range 1 > p > and for = 1, i? = 100, T = 1 and a = 1. The left Subfigure 
l,a is drawn for r/ = 1 and the right one for r] = 9. One may realize that for small values 
of the eigenvalue r], such as in Subfigure l,a, the probability is linear whereas for relatively 
larger values of 77, such as in Subfigure 1,6, it deviates from linearity. 

In Figure 2 we show three Subfigures which show the probability from Eq ( l58l l as function 
of p in the range 0.2 > p > 0, for A; = |, T = 6, 77 = 1, A = A~^ = 1 and for certain different 
ranges of R. Thus, in Subfigure (1, a) we see this probability for 0.2 > p > 0, 20 > i? > 10 
and one may see that as p becomes smaller the probability approach unity for all values of 
R. Also, one may realize that the larger becomes R, even for the larger values of the drawn 
range of p, the probability tends to the unity value. Similar situations are also shown in 
Subfigures (2, b) and (2, c) which are, respectively, drawn for intermediate 120 > R > 100 
and larger values 1020 > R > 1000 of R where it is clearly shown that the surfaces drawn 
for these i?'s have, essentially, a unity value for the whole range of 0.2 > p > and become 
proper unity as p — 0. 

In Subfigure (3, a) of Figure 3 we show a three-dimensional surface of the probability 
from Eq (l58l) as function of p in the range 0.5 > p > 0, of the eigenvalue t] in the range 
2 > p > and for A; = i, T = 6, i? = 150 and A = A+ = 1. As realized from Eqs (pD 
even the general probability from Eq fl55il tends to unity as p — for any value of i]. We 
have, nevertheless, show how the probability from Eq (l58l) approach unity in this limit. As 
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Figure 1: The left panel a shows the probability from Eq (1581 ) as function of p in the range 
1 > P > and for = 1, i? = 100, 77 = 1, T = 1 and A = ^4+ = 1. The right panel b shows 
this probability for the same values of the former parameters except for r] = 9. One may see 
how the graph changes its linear form, which is valid for small 77, to the nonlinear one as r] 
relatively increases. 



seen in panel (3, a) for a value of p which is very close to zero and for certain values of 
T] the probability discontinuously decreases to zero and immediately as p becomes zero it 
increases, for the same values of rj, to unity. Subfigure (3, b) shows again this behaviour of 
the probability for the comparatively extended ranges ofl>/9>0,9>?]>0 and for 
R = 100 whereas K, T and A = A^ remain as for Panel (3, a). One may again see how 
for a p just before zero the probability discontinuously fall towards zero and then at p = 
this probability discontinuously increases to unity. In Subfigure (3, c) we see the probability 
from Eq (l58l) as function of p and T in the respective ranges of 1 > p > and 100 > T > 
and for = i, = 100, r] = 1 and A = A+ = 1. 

7 The cylindrical GW in the TT gauge 



We discuss here a linearized version of general relativity in which the cylindrical GW is 
considered as a small pertubation in the otherwise fiat Minkowskian metric. That is, the 
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100 



Figure 2: The three panels of this figure show three-dimensional surfaces of the probability 
from Eq (l58l) as function of p in the range 0.2 > p > 0, for /c = |, T = 6, 77 = 1, 
A{k) = A~^ = 1 and for 3 different ranges of R. As seen, for all the three panels the relevant 
probability tends to unity as p — >■ 0. In Panel a the range of i? is 20 > i? > 10 and those of 
Panels b and c are respectively 120 > R> 100 and 1020 > R> 1000. Note that the surfaces 
shown in these panels and also in Subfigure 3, c have, essentially, a unity value for all their 
ranges. 
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Figure 3: The panel a shows a three-dimensional surface of the probability from Eq (l58l) as 
function of p in the range 0.5 > p > 0, rj in the range 2 > p > and for A; = |, T = 6, 
R = 150 and A = A'^ = 1 . Note that for a value of p which is very close to zero and for 
certain values of rj the probability is practically zero and discontinuously increases to unity 
as p becomes zero. Panel b shows again this probability but now for the relatively extended 
ranges ofl>p>0,9>r]>0 and for R = 100 whereas K, T and A, A'^ remain as for 
Panel a. One may again see the discontinuous jumps in the probability just before and at 
p = 0. Panel c shows a three-dimensional surface of the probability from Eq (l58l) as function 
of p in the range 0.5 > p > and T in the range 100 > p > 1. One may discern the cyclicity 
and monotony by which the probability changes with T in the neighbourhood of unity 
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appropriate metric tensor may be written as 

g^iu = + h^u, << 1, (61) 

where the GW is identified with the small perturbation h. Thus, the exponents in the 
cylindrical metrics of Eq ([4]) may be expanded in a Taylor series in which we retain only the 
first two terms as 

= (1 + r - tlj){-dT^ + dR^) + (1 + ln{R^) - ij)d(f)^ + (1 + ij)dz^ (62) 

From Eqs (l6Til-(i62ll one may determine the components /i^j^ which characterize the cylindrical 
GW. 

hoo = -{T-^), hu = {r~ij), h22 = MR^)-i^), h3 = i^, (63) 

where ifj and T are respectively given by Eqs ([9]) and ([20l) - (l2Tl) and the suffixes (0, 1, 2, 3) are 
{t, r, (p, z). Now, since we discuss here pure GW's in which the matter terms in Einstein's 
field equations are zero we may use |13] the transverse traceless (TT) gauge [H [I3] which 
is characterized with a minimum number of components [13] for the metric tensor h^^j so 
that any component of it, except the spatial ones, vanishes, i.e; h^Q = 0. The TT gauge is 
also characterized with the following properties |l3j: h^J^j = 0, so that these components are 
divergence-free and are also trace-free, e.g., /ifj = 0. Thus, since, as mentioned, the GW 
is identified with hj^ it, naturally, shares the same properties. In the linearized version of 
general relativity the components of the Riemann curvature tensor are found to be [13] 

Also, it has been shown (see Eq (35.10) in [13]) that in the TT gauge the time-space com- 
ponents of the Riemann curvature tensor have an especially simple form (see Eq (35.10) in 
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m) 



1 



RjOkO — RojOk — —RjOOk — —RojkO — —^^jkfiO (65) 



Thus, substituting in (l64ll a = j , P = k, and ^ = 1^ = one obtains 

RjOko = - (^hjQ Qk + /iofc,oi ~ ^oojfe ~" hjk QQ^ (66) 

From the last two equations (I65ll - (l66l) and the vanishing of any nondiagonal element of the 
metric tensor h (see Eq (l63ll ) one may realize that if /iqo = then hjk = hj^ which means 
that in the linearized version of general relativity the cylindrical GW can be expressed only 
in the TT gauge. But since, as seen from Eq fl63l) . /ioo 7^ one may use Eqs (I65l ) - (l66l) to find 
an explicit expression for hj^ 



hJk = ci + C2t + hjk ~^ J^^ j dt'hoo,jk, 



(67) 



where, as realized from Eq ( 1631) . j = k and ci, C2 are constants of integration. Thus, 
substituting in Eq f l67l) for hjk and /ioo from Eq ( l63l ). taking into account that these h's 
depend only upon t and r (through ip, the T does not depend upon them as seen from Eqs 
(l20ll-fl2Tll). using Eqs (JOj) and (l20l l for i/j and F, performing the double integration over t and 



using the Bessel's derivatives [4T] ^^^^^^ = — Ji(x), = ^{Jo{x) — J2{x)) one may obtain 

for the components of h^'^ 



h^J = ^{[ci+ C2t + hrr+ j dt / dt'/loO,rr ) }> = ( Ci + Cat + F - 

+ jdt I dt'itp - r)^rr ]} = ^{ci + C2t + r-^ [ dk { Jo(fcr) + J2{kr] 



(^A{k)e'''^ + A+(A;)e-^'=^^ | = ci + cat - ^|^" dfc 
A{k) + A+(A;) ) cos(A;T) - AkA{k)A+{k) 



{Mkr) + J2{kr))- (68) 
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= ^(^ci + C2t + h^^^ =^(^ci + C2t + ln(i?2) -^/?j= (69) 
= ci + Cat + ln(i?2) - (^j^ Jo{kr) cos{kT){A{k) + A+{k)) 

hlJ = ^{ci + C2t + h,)j =ci + C2t + Jo{kr) cos{kT){A{k) + A+{k)), (70) 

where 3ft is the real part of the relevant expressions. These components of the cylidrical 
GW are, naturally, polarized along their respective directions just as the electromagnetic 
waves are polarized along their spatial axes. We should, however, take into account that 
these GW's are tensors and therefore their polarization directions have, likewise, tensorial 
[44] characters. The corresponding unit polarization tensors were introduced in [I3], with 
respect to plane GW propagating along a general fi axis in an orthogonal n,ni,n2 system, 
as 

e+n,n, = ® - e^^^ ® e^^ = - (^e^^ O e^^ - e^, ® 6^,^ = -e+.^.^ (71) 
^xa,a2 = ® + ® = (*^n2 ® eft, + eft, ® eft,^ = Cx.^.^, 

The unit polarization tensors in the (x, y, z) system may be obtained from Eqs (l7T]l by 
substituting , n = z, rii = x, £12 = y, [I3] 



e+ii = ex O ex - By ® Gy = - 1 Gy (g) ey - ® ex = -e+^^ (72) 



eXiy = ex (g) Gy + ey (g) Gx = ( ey (g) Gx + Gx (S) Gy ) = G 



The corresponding unit polarization tensors in the cylindrical system (r, z) for a GW 
which advances in the z direction are detaily derived in [34l [35] from Eqs ( !72ll by using the 
transformation equations for Gx and Gy [42l [43] 



Gx = cos(0)g^ - sin(0)G7, Gy = sin(0)G^ + cos(0)g7, Gz = Gz (73) 
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That is, using the last Eqs (l73l) and the trigonometric identities (cos^(0) — sin^(0)) = cos(20), 
2 cos(0) sin(0) = sin(20), one may obtain, as done in [HH [35], the corresponding unit po- 



larization tensors in the cylindrical system (r, 0,z), denoted here as e^^l,{= — e^^^) and 



(•2) 

el.. 



cos(20) ^ef ® ef - (g) e^^ - sin(20) ^ef ^e^ + e^® ef^ = -e^^^ (74) 
e^x.^ = sin(2^) ( ef. (g) ef - e 7 (g) e 7 ) + cos(20) ( ef (g e ? + e 7 (g ef ) = e^^^^. 



Note that since the two systems (r, 0, z) and (x, y, z) are orthogonal the former unit polar- 
ization tensors e+I, e^^., e^^, e^^^. for a GW advancing in the z direction of the (r,0, z) 
system are derived here, as mentioned, from the corresponding unit polarization tensors 
e+^^, e+_, e+_, e^.^^ of a GW advancing in the z direction of the (x,y,z) system. 

We discuss here a cylindrical GW advancing in a general direction which may be decom- 
posed along the (z, r, 0) axes so that each of these components may contribute its polarizing 
part to its respective perpendicular plane. Thus, the contribution to the unit polarization 
tensors in the (r, 0) plane resulting from the component along the z axis are given by Eqs 
(rf4l) . The contribution to the unit polarization tensors in the (f, z) plane resulting from the 
component along the axis may be calculated in a similar manner, using Eqs ( TTSl) . as 



e^^. = cos^(0)(ef (g Gf) + sin^(0)(e_^ ® e,^) ~ ^ sin(20) ^ef (g + (g e?^ - 
- (e, ® e,) = -eVt (75) 
^Xf'i = cos(0) ^ef (g + (g ef^ - sin(0) ^e_^ (g + (g e^^ = e^^tl 

And the corresponding contribution to the unit polarization tensors in the (0, z) plane 
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resulting from the component along the r axis is 

e+j^^ = cos^(0)(e^ (g) e^) + sin^(0)(ef ® ef ) + i sin(20) ^e? (g) + 
- (e, ® e,) = -e^ll (76) 
Bx^. = cos(0) ® + (g) e^^ + sin(0) ^e^. (g + (g ef^ = e^^''^ 

Thus, the total unit polarization tensor in the fr direction may be found from Eqs (l74l) -(l75ll 
as 

e^f = eil + eg, = (cos(20) + 005^(0)^ (e, ® e,) + (^sm\<P) - cos(20)^ ■ 
■ i^4> ® - ^ sin(2(;/)) f Gf (g + (g ef j - (e^ (g e^) (77) 



And the total unit polarization tensor in the (p(p direction may, analogously, be found from 
Eqs dUD and as 



Hotal) ^ ^{.) _ ^ ^(r) ^ I _ ^Qg^20) ) (er ® Bf ) + ( COS^(0) + COs(2(/)) 

® e^) + ^ sin(20) ( ep (g + (g Gf ) - (e^ (g e^) (78) 



Likewise, the total unit polarization tensor in the zz direction may be found from Eqs ( 17511 - 
(1761) as 

= eJL + = 2(e. ® e,) - (^e, ® e, + ® e^) (79) 

As for the polarization tensors in the directions jk where j 7^ k these should certainly 
be generated by the mixed GW's hj^,_^^ but as seen from Eqs (l63l l and (iGSlj-llTOl) no such 
cylindrical GW's exist in either the TT gauge or in the linearized version introduced by Eqs 



6Tll-(l64l). Thus, the general cylindrical GW, denoted here hj^ ^y^, may be simplified as 



\+^^)jk +ik ^jk ^jk i-jij Jrij^k ^jk Xjj^ JKj^k ^jk i-jj^ J'Cj = fe' V / 
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where A^.., and A^ , are constants 



(total) 



related, respectively, to hju _ and hJT. and 

J j — k J j^k 

are given by Eqs ((77])- (1791). Substituting in Eq (1801) from Eqs (I68D-(I7QD for hji[_ and 

J j — k 



from Eqs (l77l)-(i79l) for e^"*"'-* one obtains 



cos(2(^) ) (e^ ® e^) - - sin(20) ( ef ® + ® ef 



Ci + C2t - - 



-4A;y4(A;)A+(A;) 



rfA; (Jo(A;r) + J2(A;r)) ■ cos{kT) {A{k) + A+ (k)) - 



(81) 



+ cos(2(/)) ) (e^ ® e^) + - sin(2(/.) ( ej. ® + ® ej. ) - (e^ ® e^) }>■ (82) 



jci + Cat + ln(i?2) - Jo(A;r) cos(A;r)(A(A;) + A+{k)) 



hZ = A+,,e£f '^/ifj = A+^^ <; 2(e, ® e,) - ( e, ® e, + ® 



ci + C2t+ / Jo(A;r)cos(A;T)(A(A;) + A+(A;)) 





13) 



The corresponding cylindrical metric in the TT gauge may, now, be written as 



where and are, respectively, given by Eqs (l8T1)-(l83ll. 



THE TRAPPED SURFACE GENERATED BY THE CYLINDRICAL.... 37 

8 The trapped surface generated by the cylindrical grav- 
itational wave 

We first note in the context of trapped surfaces that they are, generaly, generated by very 
strong gravitational waves [131 [32] ^ind not by the weak ones discussed in the former sections. 
But, as emphasized in [Ml EH], if these weak GF's (GW's) persist somehow in some spacetime 
region for a long time then these GF's (GW's) are added and aggregated [13] upon each other 
in such a way that they may influence a spacetime region as if a very strong GF (GW) passes 
this region in a short time. Thus, we discuss here, as in [HH [35], Gf (GW) which dwell in 
some spacetime region enough time to generate trapped surface. 

We, now, calculate and flnd the embedded trapped surface generated by the cylindrical 
GW. We note that since it is difficult to embed the whole trapped surface [32| one resorts to 
the simpler task of embedding the equatorial plane due to its rotational symmetry. We use 
for that the method in [32] and begin by requiring the metric on the equator to be equal to 
that of a surface of rotation z{x, y) in Euclidean space. 



X = F(r) cos(0), ?/ = F(r) sin(0), z = G{r) 



(85) 
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Thus, taking into account that on the equator (Pz = we obtain for the metrics 
rfs" = dx'' + dy^ + dz" = (^Fp(r)2 + G',p(r)'^ dr^ + ^^(r)^' = 



= ^+..| (^cos(20) + cos2(,^)^ {Bp ® er) + {sm^{(t)) - cos(2(^)^ • 



(e<^ ® e^) - - sin(20) ( er (g) + (g) ef ) - (e^ ® e^; 



Ci + C2t - 



dk( {Jo{kr) + J2{kr)) ■ cos{kT) {A{k) + {k)) - 



- 4:kA{k)A+{k)j 



d\ + ^+^^1 ^sin2(0) - cos(20)^ (er 6?)+ 
+ ^008^(0) + cos(20)^ (e^ ® e^) + ^ sin(20) (^e^ ® + (8) e?^ - 
- (ez «)e^)||ci + C2t + ln(i?2) _ ^jT clA;Jo(A;r) cos(A;T)(A(A;) + 



From the last equation one obtains for the quantities F{r), F^r{f) and G{r) 



F{r) = A+..{ sin2(0) - cos(20) (e? ® er) + 008^(0) + cos(20) 



(^0 ® e<^) + 2 sin(2(/)) j^ef (g) + O J - (e^ O e^) 
jci + C2t + ln(/?2) _ ^jT dkJo{kr) cos{kT){A{k) + A+{k)) 



F,(r) = + / c?A;A;Ji(A;r) cos(kT)(A(k) + 



-R \./o 



sin^{(t)) — cos(20) 1 (ef (g) e?) + ( cos^(0) + cos(2(/») 



(e^ «) e^) + - sin(20) ( ej. (g) + (g) 
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where the Bessel's derivative ^^^^ = — Ji(r) is used. 



dk\^{Jo{kr) + J2{kr)) ■ cos{kT){A{k) + A+{k))^ 
-Fl(r) 



G{r) = J (ir|A+^^|(^cos(2(/)) + cos^cj)) j (e^ ® ef) + (^sin^(0) - cos(20) 
■ i^4> ® e^) - ^ sin(20) ^ef O + O j - (e^ ® e^) | ■ (89) 
ci + Cat - ^ / 

-4kA{k)A+{k)^ 

where -F,r(^) is given by Eq (l88l) . The expressions -F(r), Fr(r) and G(r) determine the 
geometry of the cylindrical trapped surface. 



9 Concluding Remarks 

We have discussed quantum aspects of the cylindrical GF (GW) and, especially, the theo- 
retical possibility of increasing its quantum probability. We use for that the spatial version 
[25] of the Zeno effect [22l [23l [24] which is affected by performing the same experiment in a 
large number of nonoverlapping separate regions of space all included in a finite total region 
so that in the limit in which these subregions become infinitesimal, keeping the total region 
fixed, the quantum state becomes constant in space. The last spatial method of the Zeno 
effect is more appropriate for the cylindrical GF (GW) since it is related [lO] to the extrinsic 
time variable which is canonically conjugate to momentum just as the spatial coordinate 
is canonicaly conjugate to it. Thus, we have shown that, beginning with some cylindrical 
GF (GW) in some certain subregion of space-time included in a larger one and if the mea- 
surement of this field is similarly done in other neighbouring space-time subregions then 
at the limit in which these subregions become infinitesimally small, keeping the including 
larger one fixed, one obtains the Zeno result in which the cylindrical GF (GW) is fixed in 
all these subregions. For that we have first detaily shown that the cylindrical GF (GW) 
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may be appropriately discussed in the commutation number representation [HI [9]. In this 
representation the cylindrical GF (GW) is shown to be composed from a large ensemble of 
particle-like components each one inhabits some space-time point so that it may be discussed 
in terms of space Zeno effect which also requires a large number of similar components to 
dwell in similar points all confined in some finite region of space-time. 

As known [13], in the canonical formulation of general relativity the lapse and shift 
functions, which are fixed (by observer) upon some space-time hypersurface, determine [13] 
the later evolution and geometry of space-time. This is reminiscent of the similar role of the 
creation and destruction operators in the commutation number representation which also 
determine space-time geometry through controlling the number of gravitational constituents 
of the GF (GW) which impose its geometry upon space-time. In Section IV and Appendix 
A we have expressed these lapse and shift functions in terms of the creation and destruction 
operators. Moreover, we were not contented in only finding the conditions through which 
the probability of the GF (GW) increases but also follow the "realized" (with unity-value 
probability) GF (GW) in its passage through space-time. We have, thus, discussed its 
properties in the (TT) gauge and have calculated the trapped surface generated by it. 

It must be noted that although the time version of the quantum Zeno effect was experi- 
mentally validated [26l [27] no such corroboration exists, for now, for its spatial version [25] 
and less for the gravitational application of it that we use here. This is because the GF (GW) 
itself were not experimentally, up to now, detected. One hope that some future technology 
will detect not only GF (GW) but also a possible Zeno eff'ect for them. That is, one may 
hope that as this effect proves itself so efficiently in the quantum regime it may, likewise, also 
be efficient in fixing and classicalizing GF (GW) and by that fixing its imposed geometry 
upon the surrounding spacetime. 
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A Appendix A: 

Calculation of the expressions (C1C4 + C2C3), (C1C2 — 
C4C3), (CiCi + C3C3) from Eq (M) 



We, now, calculate and simplify the expressions (C1C4 + C2C3), (C1C2 — C4C3), (CiCi + 
C3C3). We begin with (C1C4 + C2C3) and use the commutation relations (fTSi) for v4(A;), the 
trigonometric identities: sin(a) sin(6) = | (cos(a — b) — cos(a + &)) , cos(a) cos(6) = | (cos(a — 
b) + cos(a + 6)) and the expression (see integral 11.4.42 in P. 487 in [4lj) 



J^,{ar)J^_i{br)dr 







a'' 
2b 



for(0 < b < a) and 3fJ(/i) > 

for(0 < b = a) and ^{ii) > (^1 



for(b > a > and > 



Thus, the expression (C1C4 + C2C3) is 



/•OO /-OO /"OO f 

CiCi + C2C^= dr dk dk'kk'Jo{kr)Ji{k'r)\sm{kT)sm{k'T)- 
Jo Jo Jo I 

(A{k)A{k') - A{k)A+{k') + A+{k)A{k') - A+{k)A-^{k')] + cos{kT) cos{k'T)- 



A{k')A{k) - A{k')A+{k) + A+{k')A{k) - A^{k')A+{k) 

dr dk dk'kk' Jo{kr)Ji{k'r)i ^''''^^^^^ ~ ^'^^ [2A{k)A{k')- {A2 
2A'^{k)A^{k') - fc:^ _ 6{k'-k) ^ ^ 1 ^^^^^^^ ^ (^A^{k')A{k)+ 



00 /"OO /"OO 



+ A{k)A+{k') - A+{k)A{k') - A{k')A+{k)j^ = j dr j dk j dk'kk 
■ Jo(A;r)Ji(A:V)| ''"'^^^^ ~ ^'^^ (^A{k)A{k') - 2A^{k)A-^{k') -1^ + 
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Note that in the last result we have equated k to k' and use the middle relation from Eqs 
(|yliD otherwise if we assume k k' we would get either an imaginary result for (C1C4 + C2C3) 



if we use the first relation of ( |AiD or (C1C4 + C2C3) = if we use the third relation of it. 
These outcomes would make and A^^ from Eqs (l44ll either imaginary because of the first 



of or undefined because of the third of it. . 

In a similar manner, using the commutation relations f fTSl ) for A{k), the trigonometric 
identities sin(a) cos(6) = ^ (sin(a — b)+ sin(a + &)) , sin(a — 6) = — sm{b — a) and the integral 



(|AiD , the expression C1C2 — C4C3 may be calculated as 



C1C2 — C4C: 



3 







00 /"OO /"OO f 

dry dA; y rfA;'A;fc'Jo(A;r)Ji(A;V)|sin(A;r)cos(A;'T)- 



( A(A;)A(A;') + A{k)A+{k') + A+{k)A{k') + A+{k)A+{k')) - sm{k'T) cos{kT)- 



A{k')A{k) - A{k')A-^{k) - A-^{k')A{k) + A-^{k')A+{k) U = (A 



dr I dk /°°dmVo(A;r)Ji(A;V)| ^'''^^^^^^'^^ ( A{k)A+{k') + 



^0 ^0 



+ A+{k)A{k') + A{k')A+{k) + A+{k')A{k)^ + - ^0) ^2A{k)A{k') + 

+ 2A+{k)A+{k') + A{k)A+{k') + A+{k)A{k') - A{k')A^{k) - A-^{k')A{k) 
= dr dk dk'kk'Jo{kr)J^{k'r)i ^^^^^^^^'^^'^^ {2A{k)A+ {k') + 
+ 2Aik')A^ik) - - ^) + (2A(.)A(.')+ 

+ 2A-^{k)A-^{k') + _ ] = \j^ dkksm{2Tk) (^2A{k)A+{k') - 



As realized from the last result we have assumed k = k' otherwise, as noted after Eq <\A^, 
we would obtain either an imaginary or zero value for (C1C4 + C2C3). These would make 
and A^^, as noted after Eq ^A^, either imaginary or undefined. 



The remaining expression C1C1 + C3C3 is calculated by using the former product trigono- 
metric identities and the orthogonality relation (see the unnumbered expression after Eq (fTOll) 
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dkkJn{kr)Jn{k 



l\ _ S{r-r') 



POO POO POO f 

CiCi + CsC3= dr dk dk'kk'Joikr)Joik'r)\sm{kT)sm{k'T)- 
Jo Jo Jo I 

■ (A{k)A{k') + A{k)A+{k') + A+{k)A{k') + A+{k)A+{k')] + cos(A;r) cos(A;'T)- 



A{k')A{k) - A{k')A+{k) - A+{k')A{k) + A+{k')A+{k) \ = (A) 



dr r dk r dk'kk'Jo{kr)Joik'r)!.^^^^^^—^(2A{k)A-^{k') 



JO JO 



+ 2A{k')A-^{k) - _ ^ _ 1 + ^/)) (^2A{k)A{k')+ 

6{k-k') 6{k'-ky 



+ 2A^{k)A^{k') + 



2 



dr dk^-^^^^—^kk\^ {AA{k)A{k) - 1) - cos{2Tk) (^A{k)A{k) + 



A+{k)A+{k) 



dk^l^ (^A{k)A^{k) cos{2Tk) (^A{k)A{k) + A+(A:)A+(A;)^ 



A Appendix B: 

Derivation of the probability Pr*^^^(|^(0, ip{R)) >, p) from 
Eq (EI]) 

We use the shift operator [HI [9] e"R~ where P denote the momentum and p is, as men- 
tioned, a very small amount by which the state functional shifts [HI [9]. Note, as mentioned, 
that the extrinsic time variable related to the cylindrical GF (GW) is, like any spatial vari- 
able, canonically conjugate [10] to momentum. Thus, one may write for this probability 
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Pr«(|v|/(0,^(i?))>,p) 

TjR) 
2(1 -T%{R)) 



<^{T{R),i;{K)) 



ipP 

e ft 



exp< I 



^{T{R),^lj{R))> 
1 



<^(0,^(i?))|- 



R-%iR) - 2TR{R)Tr^{R)i;,n{R) + T^RrniR) 



ipP 




e R 


cxp|— i 



+ T^RfniR) 



2(1 -niR)) (^''''^^^^ ~ 2Tn(R)MR)i^,R(R)+ 

T{R) 



\^M{R))> 



<*(0,V'(ii!))|exp<j i 
1 



T^'JR) - 2RTn(R)MR)MR) + 7;R'rR(R) 



2R{1 - T%{R)) 
cxp< — i 



T(i? + p) 



2(i?+p) i-n(i?+p) 



7rJ(i? + p)-2(i? + p)T^(i? + p) 



7r^(i? + p)V^,,^(i? + p) + - (i? + p)^^,-^^(i? + p) 



|^'(0,V^(i?+p))> 



Taking common denominator for the exponential expressions one obtains from the last result 

1 



Pr«(|^(0,^(i?))>,p) 



<^(0,V'(P))|exp<^ i 



T{R) 



2R{R + p)(l - T%{R)) [l - T%{R + p)^ 
{R + p)[l- T%{R + p)^ T^liR) - 2R{R + p) (^1 - T%{R + p)^ • 



r«(i?)7rv,(i?)V',ii(i?) + ^R\R + P)[l- T%{R + p) j 
- T(P + p) i? (^1 - T%{R)^ ^l(R + p)-2{R + p)r(^1 - T%{R)^ ■ 
Tn{R + p)7r4R + p)i^,R{R + p) + ^{R + p^rI^I - T%{R)y 



{B2) 



tn^R + P) 



|vl/(0,^(i? + p))> 



In order to be able to calculate the last expression we exploit the fact that the shift p is very 
small so one may expand ip^R + p), T{R + p), ■^^^(i? + p), T^r{R + p) in a Taylor series and 
keeping the first two terms as follows 
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ijiR + p)=ij{R) + p 
T{R + p) = T{R) + p 



dil){R) 

dR 
dT{R) 

dR 



ij%{R + p) = {^,R{R)+p{ 
+ P 



dij{R) 



d^R 



dR 

d^^{R) 

dR^ 



+ P 



dR^ 



d^TjR) 
dR^ 



Note that 7r^{R + p) and its square 7r|(_R + p), given by the second of Eqs (i47l l. are 
variational derivatives operators that operate upon an arbitrary function of the shifted state 
il){R + p), i.e., f{'i{j{R + p)) so it is obvious that operating with either 7r^(i? + p) or 7r^(i? + p) 
upon f{'i/j{R + p)) is identical with respectively operating with either n^{R) or vr^(i?) upon 
it. That is, using the second of Eq (l47ll . one have 



T^^{R + p)f{'iP{R + p)) 



—I- 



.5{f{^{R + p))) 



mR)) 



7il{R + p)f{ij{R + p)) 



^ 6{f{i,{R + p))) 
5{^{R + P)) 

7r4R)fiij{R + p)) 

SViHR + p))) 
5\ij{R + p)) 



2(i?)/(^(i? + p)) 



Using Eqs ( |i?3D -( [!S4]) one may write the probability from Eq as 



Pr«(|vl/(0,^(i?)|>,p) 



|^(0,^(i? + p)|> 



<^(0,V'(i?))|exp p 



M Aixl{R) + B'K^{R) + C 



D 



{B, 
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where A, B, C and D are given by 



A={1- T%iR)) (T(i?) - ^) - + P) (pi^-^?+ 



+ 2Tn{R) 



d^T{R) \ 
dR^ ) 



B = 2R{R + p) Tn{R)tP,n{R)T{R) p{ 



,d ^T{R) 

dR^ 
d^T{R) [ 



dR^ 



+ Tr{R) 



d^jjjR) 

~dW~ 



+ 



dT{R)dsm\ 

^^'^^^^ dR dR- I 



C 



R' 



{R + pW^{R)T{R)[p{ 



, d^T{R) . 
dR^ 



d^TiR)\ 



dR"" J 



d'^ib(R)\ R 



+ 2^.«(^)^^^) - f + P) ( 1 - T%iR) ) ^%iR) { TiR)+ 

+ iR + p)-n^) 



dR 



D = 2R{R + p)[ 1 



T%iR)^ (^l-T%iR + p)^ 



+ 



[Be 



In order to continue we must overcome the commutation problem resulting from the 
presence of 7r^(i?), n^{R), < ^(0, and |^'(0, + p)) > in Eq (B^ (see the second 

of Eqs (l47ll ). For this purpose one may begin from expanding the exponential functions of 



the probability expression Eq ( I-B5D in Taylor series and then use the commutation relations 
between the resulting integral powers of vr^ and |\E'(0, > which may be derived by 

using the second of Eqs (l47l) . Thus, one may, for example, see that the following respective 
commutation relations between \'if{0,ip{R))> and n^{R), 7r^(i?), 7i"^(-R) hold 
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\m m)) >, = ^^^^^ — + -^p^) — 



\m^m>MR)\=^^ -^^^ 7r, + vr,(i?) 



Also, it may easily be seen using mathematical induction and the last relations that for any 
integral value n one may obtain the following commutation relation 



Note that the commutation relations in Eqs d-ByD - d^sl ) hold for any general function of V'(^) 



and not only for |^I/(0, ip{R)) >. Using the last equations one may find the appropriate expres- 
sions for operating with the operators exp(zp — ^~^) ^^'^ exp(zp ^""^'''^^ ) upon |\l/(0, '(/'(i?)) > 
as 



= |^(0,^(i?)|> exp(zp-7rj(i?)) - ^2(j:^) exp(zp-7r^(i?)) 
1 ^^(|vl/(0,^(i?)|>) , ^ A ,^, ^(|vl/(0,^(i?))>) A 
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?2 



exp(zp|7r4/?))|vl>(0, i^iR)) >= (^1 + ip^MR) ' P'^^^K^y 



, B (i'(|*(0, !/>(«))>) Si(|*(0,i/'(-R))>) B 



Using Eqs d-BgD - dBip] ) one may obtain for the combined operation 



exp( ip^T(l{R) ) exp( ip|7r^(i?) ) upon |^(0, ^/'(/?)) > 



exp (^p^T^l^R)^ exp (^p^-K^^R)^ |v|/(0, ^(i?) >= exp (^p^^^^j <j |vl/(0, V;(/?) > ■ 
f B ,^,\ 1 52(1^(0, V^(i?))>) / 5 



1 ^^(|vl/(0,^(i?))>) . 5\^{S),^l,{R))\>) , i? ^(|^(0,^(i?))>) 
^7r2(i?) 52(^(^) ^'^Et,^ S^ii^m 6{ilj{R)) 

■exp(ip^7r^(i?))| = |^'(0,7/^(i?))>exp(^zp^7rJ(i?)^ exp (^ip^7r^(i?)^ + 

exp(^2p^7r^(i?)^ +exp|^ip^7rj(i?)^ - (S 
2Ati^{R) + B 



1 ^^(vl/(0,^(fi))|> 



- 2exp|^ip^7rJ(i?)^ exp |^ip^7r^(/2)^ 



E 5{^{R)) 

/■ ^ 2,mA /■ ^ /mA • B 5W^{Q,^Ij{R))>) (. A 2,„; 
exp( ip-7r^{R) j exp\^ip-7r^{R) j + W^;^ ¥{^W) ^^'^yP^^A^) 



Substituting from the last equations ( l-BgD - d^n]) into Eq ( I-B5D for the probability one 
obtains 
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Pr(^)(|vI/(0,V(i?))>,p) 



1^(0, ^{R + p)> 



<^(0,V(i?)|)exp<^p 



<^(0,^(i?)|) 



At^I{R) + Bt:^{R) + C 



D 



exp(^ip-7r4R)j 1^(0, ^{R + p) 



> 



exp(^ip^^ ■exp(^ip^7rl{R) 
<^iO,ilj{R))exp(^ip^^ ■ 



A 



^{0,ij{R + p))> expi ip—7T'{R) exp ip—n^R) 



D 



B 



D 



5\\^{Q,i,{R + p))>] 
A 



B 



E 



exp ip—n^{R) + exp ip—njR) - 



A 



B 



2exp\^ip^7rl{R) j exp( ip—n^{R) 
S{\^{0,ilj{R + p))> 



+ P- 



2ATi^{R) + B 
D 



+ ip 



mm 

B 5^{\m{Q,^{R + p))> 



exp(^ip^7rj(i?)^ exp|^zp^7r^(i?)^ + 



Et[^ 



6^{iJj{R) 



exp( ip—7il{R) 



12, 



In order to simplify the following calculation we denote the two complex factors in Eq ^Bull 



which respectively multiply '^'^'^^"^^^^'^^ and '^''^"g'gg)^ ^'^^ by F{p) and and use the 



<5(vi'(0,^(fi+p))|» 



second of Eqs (l47j) to write these variational derivatives as 



^(|<f(o,V>(fl+p))» 

Sim)) 



i7i4R)^{0,i}{R+ 



p)) > and 



5^{\<S'{0MR+p))» 
sHm)) 



— 7r3,(-R)\E'(0, tplR+p)) >. Thus, one may write the two expression 



in Eq l\B^ related to these variational derivatives as 



1 S\\^iO,^iR + p))>) 



B 



A 



exp( ip—n^{R) ) +exp( ip—n^{R) ) ( 1 + ip—n^{R) )- 



D 



B 



D 



-7rl{R)\^{0,ij{R + p))>F{p) 



-2exp(^ip—TTl{R)j exp(^ip—7r^{R) 

{2An4R) + Bj ^(1^(0^ / ^ x / ^ x 

— D mm — ^^^^"^(^) ) (^/'^-^(^) J 

= ^7r^(/?) 1^(0, ^(i? + p)) > G'(p) 



13 
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Note that we discuss here a half-parametrized formahsm and a representation in which the 
canonical coordinates T{R) and ipi^R) are diagonal (see discussion after Eq (l47l) ) so the state 
functional depends only upon these two cordinates i.e., '^{T{R),ip{R)). This representation 
enables one to introduces the Dirac constraint as the Schroedinger-type form of Eq fl48ll and 
also to write the coresponding eigenvalue constraint 7i^{R)\'^{0,ip{R + p))>= ri\'if{0,'i/j{R + 
p)) > where rj is an eigenvalue related to the operator n^{R). Thus, using the last eigenvalue 
relation, the normalization [10] of the state functionals '^(T{R),'i/j{R)) and the complex 
character of the expressions F{p) and G{p) from Eq ( [.BisD which enables one to represent 
them in terms of their real and imaginary parts one may write the former probability from 
Eq ^ as 



Pr^'\\<il{0,ij{R))>,p) 



exp(2p^) <^{0,ij{R))\{ \<il{0,i:{R + p))>- 



■ exp (i-^ [AnliR) + Bn^R)) ] + Z7r^(i?)|^(0, ^{R + p> G{p) 



D V 



7rl{R)\<f{0,ij{R + p))> Fip) 



14 



< ^(0, ^(i?)) 1^(0, ij{R + p)) > exp(zp^) 



exp 



^ [AnliR) +B7r4R)) + tr] (^G{p) + t'^Gip)] - rf (uF{p) + zSF(p) 



D V 



The real and imaginary parts of G{p) and F{p) denoted, respectively, by 3?(j'(p), ^F{p), 
^G{p) and '^F{p), are given by Eq ( I-B13D . Thus, substituting from Eq ( [.BisD into Eq ^Bi^ and 
using the following product trigonometric identities; sin(x) sin(?/) = | ^cos(x — y) — cos(a: + 

y)^ , cos(a;) cos(y) = | ^cos(a; — y) + cos(x + y)^ , sin(x) cos{y) = \ ^sin(a: — y) + sin(x + y)^ 
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and sin^(x) +cos^(y) = 1 one obtains for the probability Pr*^^^(|^(0, >, p) 

Pr^'W^iO, ^(i?)) >, p) = 1 + V + QV' + pWi^^^r + (2An^{R)+ 

+ 3^ + M^Bn,{R))!^2r^'^^^ (2Ax,(i?) + - 2ry^^^^(l+ 

+ 2r/2) I - cos(-^i?7r^(i?)) |2r;3-^^|^ (^2A7r^(i?) + + 2n'{l + 2rf) | + {B,,) 

- 2^^^^^ sin (-^ (A7rJ(i?) - 57r,(i?)) ) + 2^^ cos ^An^R) - Bn^R)^ ) 
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